Standard strategies for dealing with the Sommerfeld condition in elliptic Mild-Slope mod-5 els require strong assumptions on the wave field in the region exterior to the computational 6 domain. More precisely, constant bathymetry along (and beyond) the open boundary, and 7 parabolic-approximations based boundary conditions are usually imposed. In general, these 8 restrictions require large computational domains, implying higher costs for the numerical 9
INTRODUCTION 23
Harbor agitation by gravity waves is commonly predicted using elliptic Mild-Slope models coastline in semi-infinite domains. Panchang et al. (2000) addressed this issue by using an incident wave that includes the exterior refractions provided by a non-constant idealized bathymetry, resulting in important accuracy enhancements. Nevertheless, this strategy is where i = √ −1 is the imaginary unit, n is the outer unit normal at the boundary, and 123 α ∈ [0, 1] is a real experimental coefficient controlling the reflection/absorption properties of 124 the boundary. This coefficient is equal to zero on perfectly reflecting boundaries and to one 125 on totally absorbing boundaries. 126 In addition, unbounded scattering problems require the Sommerfeld radiation condition 127 that imposes that the scattered wave only has geometrical diffusion, namely
Ω Lx pml ∪ Ω Rx pml ∪ Ω y pml ∪ Ω x,y pml . This PML is a rectangular shaped layer designed to absorb the 140 scattered wave, along the Cartesian directions x and y, independently of its propagation 141 angle.
142
The exterior bathymetry in both PML regions Ω Lx pml and Ω Rx pml is simplified accordingly to the usual assumption for harbor models introduced by Panchang et al. (2000) ,
(5) 145 This imposes an exterior bathymetry that varies only along the cross-shore direction as to the x axis, although the PML technique can be generally applied to arbitrary convex 150 domains, see an example by Demaldent and Imperiale (2013) . It is important to note that 
where ∂Ω = Γ R ∪ Γ pml . Note that no Dirichlet boundary conditions are imposed. The 156 non-homogeneous source term in (6a) is defined as
to account for the incident wave and to absorb only the scattered waves in the PML region.
159
The diagonal anisotropy matrix P defines the absorption in the PML area and it is the 160 identity matrix in Ω int , namely
where s x = 1 + iσ x /ω and s y = 1 + iσ y /ω are two complex absorption parameters. The usual 163 choice for the functions σ x (x) and σ y (y) are monotonic polynomials in the two respective 164 Cartesian directions, namely
168
where the PML parameters are: σ 0 , absorption degree n and PML thickness L pml . The
169
interface Ω int ∩ Ω pml is assumed to be placed at coordinates x 0 and y 0 , see Figure 1 . Note 170 from this figure that the function σ x is computed with x 0 = x L 0 for Ω Lx pml , and with x 0 = x R 
188
(ii) The exterior bathymetry satisfies Eq. (5).
189
Details on the PML derivation are shown in the Appendix. Next Section shows how the 190 incident wave can be rapidly determined at any point (x, y) ∈ Ω pml accordingly to Eq. (9).
191
This follows the rationale proposed by Panchang et al. (2000) .
192
Computation of the incident wave field 193 Note that Eq. (6) requires the expression of the incident wave only in the PML. In the 194 far-field bathymetry region, the incident wave is defined as a monochromatic wave with an 195 incoming angle θ ∈ R and amplitude A 0 , namely
197 where k 0 is the wavenumber from (2) with h = h 0 . Note that φ 0 , as defined by (10) (alongshore) direction. The procedure to compute φ 0 in this case consists in looking for an 201 incident wave with the same factorized structure as Eq. (10), that is
203
whereφ 0 is the cross-shore part of φ 0 . Substituting Eq. (11) in (9), and using proper boundary conditions, the functionφ 0 can be found as the solution of the second-order ordinary differential equation
wherek = k 2 − k 2 0 cos 2 θ is the associated wavenumber. Recall that parameters c, c g and 204 k depend only on coordinate y. The limits for the range of y, y 0 and y c , correspond to 205 the position of the far-field region and the coastline, respectively, see Figure 1 . Note that 206 boundary condition (12b) imposes continuity at the far-field region. On the other hand, Eq.
207
(12c) corresponds to the one-dimensional version of the first-order artificial condition used 208 in Eq. (6c). It imposes that the incident wave is not influenced by the harbor. No spurious 209 reflections ofφ 0 are produced because the direction of incidence is obviously normal, and 210 the first-order condition becomes in this case exact.
211
It is important to note that a distinguishing aspect of the proposed model is the possibility 212 of using two different bathymetries in the regions Ω Lx pml and Ω Rx pml , which can have also two 213 different coastline positions, see Figure 1 . This requires solving two times the ordinary 
246
The computed amplification factor is depicted in Figure 2 . Particularly, the left panel A scattering problem in a semi-infinite domain with variable bathymetry is explored next.
268
The objective of this test is to show the ability of the proposed formulation to cope with two 269 different bathymetries at the left and right boundaries. Furthermore, it is used to analyze 270 how the distance to the artificial boundary influences the results in an area of interest.
271
The geometry consists in a totally reflective boundary (i.e. α = 0), including a semicircle 272 of radius R c , which is adjacent to an absorbing boundary of length D 1 . The interior domain 
300 and the maximum elemental error, namely
302
where H is the computed (approximated) amplification factor, as defined in Eq. (13), and 303 H * is the reference solution. Each Γ i is the side of a finite element along Γ.
304
These errors are depicted in Figure 6 for a variety of values of D ′ 1 and D ′ 2 . For both mean 305 and maximum errors, the parameter D ′ 2 that stands for the PML position in the far-field 306 (constant) bathymetry region has no influence on the solution along the semicircle boundary.
307
The errors are measured on the semicircular scatterer, if the incoming wave angle is θ = 220 • 308 waves are only slightly refracted and D ′ 2 may seem not very influential. Thus, an incoming 309 wave angle θ = 310 • is also tested and the errors plotted, see Figure 6 (right).
310
The results produced by the parameter D ′ 2 are in agreement to the conclusions of the 311 previous example in which the bathymetry was also constant. In fact, the far-field PML 312 region can be placed at a minimum (optimal) distance of D ′ 2 = 0. As expected, this behavior 313 is not reproduced for the parameter D ′ 1 defining the PML position in the variable bathymetry 314 regions. Nevertheless, it is observed that using only D ′ 1 = 1, and hence with the PML 315 very close to the obstacle, is sufficient to ensure that even the maximum elemental error 316 is no longer (significantly) perturbed. As seen in Figure 6 , for D ′ 1 > 1 the error is almost 317 constant and only due to the finite element discretization. It is important to remark that 318 each dot in Figure 6 represents a finite element computation for a given value of D ′ 1 and 319 D ′ 2 . These computation are done with finite element meshes with the same characteristic 320 element size (same error bound) but not with identical meshes around the semi-circular scatterer (the nodes are not exactly in the same position in the smaller interior domain defined by D ′ 1 = D ′ 2 = 0). This induces negligible differences that are more evident when the 323 curve flattens, that is, when the PML error is negligible compared with the finite element 324 one (the discretization error).
325
In order to obtain more information on the PML influence, Figure 7 depicts the accuracy 326 of the computed amplification factor in the smaller interior domain (defined by D ′ 1 = D ′ 2 = 0).
327
Accuracy is shown by the number of correct significant digits of the solution (see Remark 
where σ x (x) and σ y (y) are defined in Eq. (8). The frequency domain version of this system considers a monochromatic definition of the unknowns, namelyṽ(x, y, t) = v(x, y)e −iωt ,
System (20) is then rewritten as
where s x = 1 + iσ x /ω and s y = 1 + iσ y /ω. After rearranging all these equations and using 436 the decomposition v = v x + v y and the change of variables (18), the following equation for 437 the scattered wave φ s (x, y) arises 
